A B S T R A C T
I N T R O D U C T I O N
Planetesimal systems and planetary rings can be regarded as Nbody systems. They evolve through mutual gravitational interactions and collisions between constituent bodies under the dominant Kepler potential of a central body.
N-body simulation is a powerful and reliable method to investigate the evolution of N-body systems. For large-N simulations, the Aarseth scheme (Aarseth 1985) has been used, which is a predictevaluate-correct (PEC) scheme with individual variable time-steps. The Hermite scheme (Makino & Aarseth 1992 ) was used in some of the recent N-body simulations of planetesimal systems (Kokubo & Ida 1995 , 1996 . The Hermite scheme is a fourth-order PEC scheme in which the acceleration and its time derivative are used to construct the interpolation polynomials of the acceleration. The Hermite scheme allows different time-steps for different particles, in other words individual time-steps (Aarseth 1963 (Aarseth , 1985 .
To date, the duration of the numerical integration of planetesimal systems by three-dimensional N-body simulation has been 10 2¹4 times the Kepler period. In order to investigate the elementary processes of gravitational relaxation of planetesimals and planetary accretion up to the late stage where protoplanets are formed through runaway growth of planetesimals, 10 2¹4 times the Kepler period is long enough with adequate scalings of gravitational relaxation and accretion processes (Ida & Makino 1992; Kokubo & Ida 1996) . However, to investigate the final stage of planetary accretion from protoplanets to planets, we need to integrate a system of at least 10 2 bodies for more than 10 5 times the Kepler period accurately. For this long-term simulation, the standard PEC Hermite scheme is not suitable because of its low accuracy.
One way to achieve higher accuracy is to use high-order multistep schemes such as the Störmer-Cowell scheme, which has been widely used in the study of the long-term stability of planetary orbits (for a review, see e.g. Duncan & Quinn 1993) . However, it is not possible to use the Störmer-Cowell scheme with variable timesteps since its formula is based on a constant time-step. It is possible to implement the higher order Hermite scheme with variable timesteps (Makino 1991a ), but such a high-order algorithm is somewhat unpractical since the calculation cost is proportional to the square of the order of the integrator.
The symplectic integrators are another possibility (e.g. Kinoshita, Yoshida & Nakai 1991; Saha & Tremaine 1992; Levison & Duncan 1994) . Unfortunately it is difficult to use the symplectic integrators with variable time-steps, yet preserving their high accuracy at present (Skeel & Gear 1992) . There are a few proposed schemes to combine symplectic integrators with variable time-steps (Skeel & Biesiadecki 1994; Lee, Duncan & Levison 1997) . However, these schemes are costly and their practical usefulness is questionable.
In this paper, we describe a simple and efficient method to achieve high accuracy. The basic idea is to make use of the timesymmetric algorithm that has been developed recently. The timesymmetric integrators are now known to have a good characteristic that they have no secular energy error when a periodic orbit is integrated (Quinlan & Tremaine 1990; Cano & Sanz-Serna 1997) . The fourth-order implicit Hermite scheme is time-symmetric. In the standard PEC Hermite scheme, however, the correction step is applied only once and thus it is not time-symmetric.
In the present paper, we apply the P(EC) n Hermite scheme to planetary N-body simulation and compare its accuracy with that of the standard PEC Hermite scheme. In Section 2, we describe the P(EC) n Hermite scheme. We present the basic properties of the P(EC) n Hermite scheme when it is applied to a two-body Kepler problem and the results of the N-body simulation in Section 3. Section 4 is devoted to summary and discussion.
P ( E C ) n H E R M I T E S C H E M E
In this section we describe the fourth-order P(EC) n Hermite scheme (Makino & Aarseth 1992) . We use the hierarchical time-step, in which time-steps are 'quantized' to integer powers of two (Makino 1991b) .
In the hierarchical time-step scheme, particle i has its own time ðt i Þ, time-step ðDt i Þ, position ðx i Þ, velocity ðv i Þ, acceleration ða i Þ and time derivative of acceleration ðȧ i Þ. The P(EC) n Hermite scheme with the hierarchical time-step proceeds according to the following steps.
(i) Select all particles i with a minimum t i þ Dt i and set the global times ðtÞ to be this minimum.
(ii) Predict the positions and velocities of all particles at time t using x; v; a;ȧ.
(iii) Repeat the following steps n times. The predictor formulae of the position and velocity are based on the Taylor series up to the order ofȧ j , given by
where j indicates the index of a particle. Sinceȧ j is calculated directly from x j and v j , all quantities used in the predictor are obtained by direct calculation, rather than by interpolation. The corrector is based on the third-order Hermite interpolation constructed from a i andȧ i at time t i and t. The corrector formulae of the position and velocity are given by 
where a 1;i andȧ 1;i are the acceleration and its time derivative calculated at time t. Hereafter, the values with subscripts 0 and 1 are the values at t i and t respectively. From equations (1) to (6), the Hermite integrator is described in an implicit form as
It is clear in this formula that the Hermite integrator is timesymmetric; in other words, the physical values with subscripts 0 and 1 are used symmetrically. At the end of the integration step of a particle, we calculate the new time-step. We first calculate Dt c , the candidate of the new timestep, using the standard accuracy criterion (Aarseth 1985) which is expressed as
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where h is a parameter that controls the accuracy. The value a
1;i is given by
The value a
1;i is the same as a
0;i , because we use the third-order interpolation. The new time-step ðDt i;new Þ is calculated as
where Dt max is the maximum time-step. For the initial time-step candidate, we use
with a sufficiently small value of h s .
R E S U LT S
We present the results of the numerical tests of the P(EC) n Hermite integrator in this section. First, in order to see the basic properties of the P(EC)
n Hermite integrator, we present the result for a two-body problem. Then we present the results for planetary N-body simulation.
Two-body problem
A two-body Kepler problem is numerically solved using the P(EC) n Hermite scheme ðn ¼ 1¹4Þ for 10 orbital periods (20 time units). The orbit is integrated with a constant time-step Dt ¼ 2 ¹5 , in other words about 200 integration steps per orbit. Fig. 1 shows the error in the osculating orbital elements: semimajor axis a, eccentricity e, argument of pericentre q, and time of pericentre passage T. The initial orbital elements are a ¼ 1; e ¼ 0:1; q ¼ , and T ¼ . In Fig. 1 , the results for n ¼ 2; 3; 4 are indistinguishable. Note that there are no secular errors in a and e but periodic changes for n ¼ 2; 3; 4 schemes. This is because P(EC) n ðn > 1Þ schemes converge to be time-symmetric through the iteration of the EC steps. In time-symmetric integrators with time-symmetric time-steps, the periodic errors in a and e cancel out in an orbit. The amplitude of the periodic error is proportional to Dt 4 , because the Hermite scheme is a fourth-order scheme. On the other hand, there seem to be linear errors in q and T. Fig. 2 shows the same calculation as Fig. 1 but for 10 5 orbital periods and the schemes with n ¼ 2; 3 and 4. On this time-scale, the results for n ¼ 3 and 4 are still indistinguishable. The P(EC) 2 scheme gives the final errors Da=a Ӎ 10 ¹7 and De=e Ӎ 10 ¹6 after 10 5 orbits. However, there are still no secular errors in a and e for P(EC) 3 and P(EC) 4 schemes. The amplitude of periodic error remains at the same level as in Fig. 1 . All P(EC) n schemes give almost the same linear error in q, at least on this time-scale. On the other hand, DT grows quadratically for the P(EC) 2 scheme. This error comes from the linear error of Da because the error of the mean motion Dn is proportional to Da and DT is proportional to the integral of Dn. In the same way, the linear errors of DT for P(EC) 3 and P(EC) 4 correspond to no secular errors in a. Fig. 3 shows the relative energy error of the two-body system after 1000 orbital periods against the eccentricity for the P(EC) n ðn ¼ 1¹4Þ schemes with a constant time-step of Dt ¼ 2 ¹5 . The eccentricities are e ¼ 0; 0:001; 0:002; 0:005; 0.01, 0.02, 0.05, 0.1, 0.2 and 0.5. The errors for both the PEC and the P(EC) 2 schemes increase slowly with e until e Ӎ 0:1 and increase rapidly for e տ 0:1. The P(EC) 3 scheme shows no secular error for e Շ 0:1 for this timescale. For e Շ 0:1 the error of the P(EC) 4 scheme is as large as that of the P(EC) 3 scheme. For e տ 0:1 it is smaller than that of the P(EC) 3 scheme because, as the eccentricity increases, the necessary times of the EC iteration to achieve the time-symmetry increase. The relative error for the P(EC) 2 scheme is always about four orders of magnitude smaller than that for the PEC scheme, which is a result of the time-symmetry of the scheme achieved by the iteration of EC steps. This gain in accuracy is almost independent of the eccentricity.
N-body problem
In planetary N-body systems, orbits of constituent bodies are not purely Keplerian because of the mutual gravitational interaction between bodies. In addition, in the individual time-step scheme, time-steps are individually variable over bodies and in general not time-symmetric or constant. However, we can expect that the P(EC) n Hermite scheme still reduces the integration error of the planetary N-body systems greatly. This is because the orbits in the planetary N-body systems are nearly circular orbits that can be integrated accurately with a constant time-step. In the following, we analyse the properties of the P(EC)
n Hermite scheme applied to planetary N-body systems in more detail.
In the planetary N-body systems, most bodies have nearly coplanar circular orbits with eccentricities and inclinations rarely exceeding 0.1. In planetesimal systems the drag by the solar nebula gas reduces eccentricities and inclinations of planetesimals, while in planetary rings inelastic collisions between bodies damp eccentricities and inclinations of ring particles. The gravity of the central ᭧ 1998 RAS, MNRAS 297, 1067-1072 body is so strong compared with the mutual gravitational interactions, except when close encounters of constituent bodies take place, that the orbits of the constituent bodies are almost Keplerian. In the PEC Hermite scheme, the local integration error from the Kepler motion is approximated as 1=120a 
where a is the semimajor axis of the system, v c is the Keplerian circular velocity, he 2 i 1=2 is the rms eccentricity of the system, and we used T K Ӎ a=v c and v Ӎ he 2 i 1=2 v c . The mean particle distance for a planetesimal system with surface density S and individual mass m at the semimajor axis a is given by
where hi 2 i 1=2 is the rms inclination of the system. The error ratio equation (13) shows that, for example, for he 2 i 1=2 ¼ 2hi 2 i 1=2 ¼ 0:02, S ¼ 10 g cm ¹2 , m ¼ 10 25 g and a ¼ 1 au, the integration error from a typical mutual interaction is about 10 ¹7 times smaller than that from the Kepler motion. The mean particle distance for a ring of Saturn with optical depth t and individual particle mass m at radius a is estimated as 
where we assumed the particle density r ¼ 1 g cm ¹3 . For the ring with he 2 i 1=2 ¼ 2hi 2 i 1=2 ¼ 2 × 10 ¹6 , t ¼ 0:2; m ¼ 10 6 g and a ¼ 10 10 cm, the error ratio equation (13) gives about 10 ¹5 . In short, usually the integration error comes mainly from the integration of the Kepler motion in the planetary N-body system.
In the hierarchical time-step scheme, nearly circular orbits are integrated with a constant time-step. Time-steps are shortened when close encounters or collisions of bodies take place, by which orbital elements are changed by large amounts. The mean time between close encounters and the mean collision time are much longer than the orbital period, except for dense planetary rings. The mean time for close encounters in a planetesimal system with number density n, individual mass m and velocity dispersion v at the semimajor axis a is estimated by
where d c is the particle distance at which a : ð17Þ
The number density is related to the surface density of the system as n Ӎ S=ðeamÞ. The mean collision time for the planetesimal system is much larger than the time-scale for close encounters. In a planetary ring, e.g. Saturn's ring, d c is comparable to the size of ring particles, which means T close and T collision are comparable. The mean collision time for a planetary ring with the optical depth t is given by (e.g. Goldreich & Tremaine 1982) T collision Ӎ t ¹1 T K ; ð18Þ which means that for thin rings with t p 1, T collision is much larger than T K . The reduction of time-steps occurs once in about T close or T collision . In short, the bodies spend most of their time on slowly changing nearly circular orbits that are integrated accurately with a constant time-step, which automatically achieves the requirement of time-symmetry. Thus, we can expect that the integration error from almost Keplerian motion by the P(EC) n Hermite integrator is reduced because of the time-symmetry of the integrator and the constant time-step. Fig. 4 shows the relative error of the total energy of a planetesimal system that consists of 100 equal-mass ðm ¼ 10 25 gÞ bodies after 1000T K as a function of the initial he 2 i 1=2 for the P(EC) n ðn ¼ 1; 2; 3Þ Hermite schemes with the hierarchical time-step scheme. The bodies are distributed in a ring with radius a ¼ 1 au and width Da ¼ 0:07 au that corresponds to S ¼ 10 g cm ¹2 . The initial eccentricities and inclinations of orbits are given by the Rayleigh distributions with dispersions he 2 i 1=2 ¼ 2hi 2 i 1=2 ¼ 2, 5, 10, 20, 40h, where h is the reduced Hill radius given by h ¼ ð2m=3 M ᭪ Þ 1=3 Ӎ 0:0015. The softening parameter is e ¼ ha=200 Ӎ 7:5 × 10 ¹6 au, which is as large as the physical size of the bodies. The accuracy control parameter for the initial time-step is h s ¼ 0:001. The Aarseth-type time-step criterion is used with h ¼ 0:005. The maximum time-step is chosen as Dt max ¼ 2 ¹5 . With these time-step criteria, Keplerian orbits with e Շ 0:2 are integrated with a constant time-step Dt max . We have performed several calculations starting with the same initial condition except for the random numbers to produce the initial distribution. The results of all the calculations are qualitatively the same.
1070 E. Kokubo, K. Yoshinaga and J. Makino ᭧ 1998 RAS, MNRAS 297, 1067-1072 Figure 4 . The relative error of the total energy of a planetesimal system that consists of 100 equal-mass ðm ¼ 10 25 gÞ bodies after 1000T K as a function of the initial he 2 i 1=2 for the P(EC) n ðn ¼ 1; 2; 3Þ Hermite schemes with the hierarchical time-step scheme. The triangles show the result of the n ¼ 1 scheme, the squares n ¼ 2 and the circles n ¼ 3.
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The error of the PEC scheme depends weakly on he 2 i 1=2 and its magnitude is as large as that of the two-body problem by the PEC scheme (see Fig. 3 ). In this case the error mainly comes from the integration of the Kepler motion. As we expected, the error of the P(EC) 2 scheme is much smaller than that of the PEC scheme. It is about 1/600-1/60 times as small as that of the PEC scheme for he 2 i 1=2 ¼ 2¹40h. However, it is not as small as the error of the twobody problem by the P(EC) 2 scheme because in the hierarchical timestep scheme the variable time-step breaks the time-symmetry. In the hierarchical time-step scheme, close encounters are integrated with smaller time-steps than Dt max . Thus the observed error comes mainly from these close encounters as long as he 2 i 1=2 is small enough for orbits to be integrated with a constant time-step. As a result, the error of the P(EC) 3 scheme is as large as that of the P(EC) 2 scheme. The size of the average time-step is shown in Fig. 5 for the case of Fig. 4 . The size of time-step does not depend on n as it is not the accuracy of the scheme that determines the size of time-step. In the system where he 2 i 1=2 տ 5h and encounters are dispersiondominated (Ida 1990) , the average time-step decreases as he 2 i 1=2 increases. The average time-step for he 2 i 1=2 ¼ 2h is small because in this case encounters are shear-dominated. The duration of sheardominated encounters is longer than that of dispersion-dominated encounters and thus gravitational focusing is more effective in shear-dominated encounters than in dispersion-dominated encounters, which leads to the small time-steps. Fig. 6 shows the relative distribution of the time-steps for the systems with he 2 i 1=2 ¼ 2hi 2 i 1=2 ¼ 5, 10, 20, 40h for the P(EC) 2 scheme. We plot the number of time-steps only for 2
¹8
; 2
¹7
¹6
because these time-steps that are slightly smaller than the maximum time-step play a dominant role in destroying the time-symmetry of time-steps. We can see that the number of these small time-steps increases as he 2 i 1=2 increases. As he 2 i 1=2 increases, the candidate time-step of equation (9) decreases. Roughly speaking, equation (9) is proportional to r=v, where r is the typical length over which the acceleration changes and v is the velocity dispersion. For the same r, the time-step is inversely proportional to vðϰhe 2 i 1=2 Þ. The timesteps smaller than Dt max break the time-symmetry of the time-step, in other words disable the cancellation of the error and thus lead to systematic error. Fig. 7 shows the relative error of the total energy of a planetesimal system that consists of 100 equal-mass ðm ¼ 10 25 gÞ bodies as a function of time for the P(EC) n ðn ¼ 1; 2; 3Þ schemes. The initial rms eccentricity and inclination are he
At t ¼ 10 000, the errors of the P(EC) 2 and P(EC) 3 schemes are less than that of the PEC scheme by more than two orders of magnitude, which is consistent with the result in Fig. 4 . The errors of the P(EC) 2 and P(EC) 3 schemes are of the same order and thus almost indistinguishable in the top panel of Fig. 7 . The secular error of the PEC scheme mainly comes from the integration of the Keplerian motion. The small secular error for the P(EC) 2 and P(EC) 3 schemes mainly comes from the imperfection of time-symmetry resulting from the variable time-step.
In the bottom panel of Fig. 7 , the relative error of the total energy of the system by the P(EC) 2 0 Hermite scheme is also shown. In the P(EC) 2 0 Hermite scheme, the iteration of the evaluation and correction steps is performed only for the gravity of the central body, in this case for the solar gravity. Since the solar gravity is the dominant force in determining the orbits of planetesimals, the gain in the accuracy by the P(EC) 2 0 scheme is as high as that of the P(EC) 2 scheme. On the other hand, the calculation cost of the P(EC) 2 0 scheme is practically the same as the PEC scheme because in the P(EC) 2 0 scheme the mutual gravitational interaction of bodies that is the most expensive part of the Hermite scheme is evaluated only once per integration step.
᭧ 1998 RAS, MNRAS 297, 1067-1072 Figure 5 . The size of time-step averaged over 100 bodies for 1000T K against the initial he 2 i 1=2 for the P(EC) n ðn ¼ 1; 2; 3Þ Hermite scheme for the case of Fig. 4 . The triangles show the result of the n ¼ 1 scheme, the squares n ¼ 2 and the circles n ¼ 3. Figure 6 . The number ratio of time-steps 2 ¹6 , 2 ¹7 and 2 ¹8 to the total number of time-steps for the P(EC) 2 Hermite scheme for the case of Fig. 4 . We developed the P(EC) n Hermite scheme for planetary N-body simulation. By the iteration of the evaluation and correction steps, the Hermite scheme becomes a time-symmetric integrator that shows no secular errors in the semimajor axis and the eccentricity for the integration of a two-body Kepler problem with a constant time-step. It is possible to inherit this advantage of the timesymmetric Hermite integrator in planetary N-body systems. In the planetary N-body systems, all bodies spend most of their time on nearly circular coplanar orbits. These orbits are integrated with a constant time-step even if we adopt the individual time-step scheme. The constant time-step and the P(EC) n Hermite scheme reduce the integration error greatly. For example, the energy error of the P(EC) 2 Hermite scheme is two orders of magnitude smaller than that of the standard PEC Hermite scheme in the case of an N ¼ 100, m ¼ 10 25 g planetesimal system with the initial he 2 i 1=2 Շ 20h. It is also possible to gain the accuracy without increasing the cost of force calculation. We can obtain an accuracy as high as that of the P(EC) 2 Hermite scheme by applying the iteration only to the dominant central force. This reduction of the error by an order of 2 implies the reduction of the computer time by about a factor of 4, if we retain the same level of accuracy.
We can improve the Hermite scheme further by using the highorder predictors up to the order of a ð3Þ instead of the standard predictor of equations (1) and (2). A higher order predictor speeds up the convergence of the solution, in other words time-symmetrization. Usually the use of the high-order predictor makes the energy error roughly 10 times smaller in the case of the PEC and P(EC) 2 Hermite schemes. We can also implement the time-symmetric variable time-step scheme (Hut, Makino & McMillan 1995; Hairer & Stoffer 1997) . However, in the time-symmetric variable time-step scheme, all bodies must share the same time-step. This means that when a close encounter of two bodies takes place, all other bodies are integrated with a short time-step for the close encounter. At present, it is not possible to construct time-symmetric and individual variable timesteps. Thus, the merit of the time-symmetric variable time-step scheme is questionable. It would be more efficient to use small time-step criteria to gain accuracy instead of implementing the time-symmetric variable time-step scheme.
